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FORMAL OSCILLATORY DISTRIBUTIONS
ALEXANDER KARABEGOV
Abstract. We introduce the notion of an oscillatory formal dis-
tribution supported at a point. We prove that a formal distribu-
tion is given by a formal oscillatory integral if and only if it is
an oscillatory distribution that has a certain nondegeneracy prop-
erty. We give an algorithm that recovers the jet of infinite order
of the integral kernel of a formal oscillatory integral at the critical
point from the corresponding formal distribution. We also prove
that a star product ⋆ on a Poisson manifold M is natural in the
sense of Gutt and Rawnsley if and only if the formal distribution
f ⊗ g 7→ (f ⋆ g)(x) is oscillatory for every x ∈M .
1. Introduction
According to the stationary phase method, if φ is a real phase func-
tion on Rn which has a nondegenerate critical point x0 with zero critical
value, φ(x0) = 0, and f is an amplitude supported near x0, there exists
an asymptotic expansion
(1)
(
i
~
)n
2
∫
e
i
~
φ(x)f(x) dx ∼ Λ0(f) +
~
i
Λ1(f) +
(
~
i
)2
Λ2(f) + . . .
as ~ → 0, where Λr are distributions supported at x0 (see [8]). The
formal distribution
Λ = Λ0 + νΛ1 + ν
2Λ2 + . . . ,
where we use the formal parameter ν instead of ~/i, is a formal oscilla-
tory integral (FOI) in the terminology of [6] and [5]. It can be defined
by simple algebraic axioms expressed in terms of the jet of infinite or-
der of the phase function φ at x0. Moreover, the full jet of φ at x0 is
uniquely determined by the formal distribution Λ. In this paper we
answer the following question asked by Th. Voronov: given a formal
distribution, how to determine whether it is a FOI? To this end we
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introduce the notion of an oscillatory distribution. It is a formal dis-
tribution Λ supported at a point x0 which in local coordinates is given
by the formula
Λ(f) = eν
−1Xf
∣∣
x=x0
,
where X = ν2X2 + ν
3X3 + . . . is a formal differential operator with
constant coefficients such that the order of the differential operator Xr
is at most r for all r ≥ 2. It turns out that this property does not
depend on the choice of local coordinates. We show that a formal dis-
tribution is a FOI if and only if it is an oscillatory distribution that has
a certain nondegeneracy property. Given a nondegenerate oscillatory
distribution Λ, we build an algorithm that allows to calculate the full
jet at x0 of a phase function φ which produces Λ by the asymptotic
expansion (1).
In [4] Gutt and Rawnsley singled out an important class of star
products which they call natural. The bidifferential operator Cr for a
natural star product is of order at most r in both arguments for each
r ≥ 1 (see details in the main body of the paper). All classical star
products are natural. We will prove that a star product ⋆ on a Poisson
manifold M is natural if and only if the formal distribution
Λx(f ⊗ g) = (f ⋆ g)(x)
on M2 supported at (x, x) is oscillatory for every x.
These results belong to the general framework of formal asymptotic
Lagrangian analysis. Various semiclassical and quantum aspects of this
analysis are developed in the work on the symplectic microgeometry
by Cattaneo, Dherin, and Weinstein [2], Lagrangian analysis by Leray
[8], the theory of oscillatory modules by Tsygan [9], and microformal
analysis by Th. Voronov [10].
Acknowledgements I am very grateful to A. Alekseev, H. Khu-
daverdian, B. Tsygan, and Th. Voronov for important discussions and
for the opportunity to present a part of this work at two conferences
and during a visit to the University of Geneva in 2019.
2. Factorization
In this section we prove an elementary factorization result for pronilpo-
tent Lie groups in filtered associative algebras which is the technical
backbone of this paper.
Let A be a filtered associative unital algebra over C with descending
filtration A = A0 ⊃ A1 ⊃ . . . such that
⋂
iAi = {0}. We denote by
d(a) the filtration degree of a ∈ A so that d(a) = k for a ∈ Ak \ Ak+1.
We assume that this algebra is complete with respect to the norm
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|a| = 2−d(a). Then any series
∑
i ai with ai ∈ A such that |ai| → 0 is
convergent.
Let g ⊂ A1 be a Lie algebra with respect to the commutator [a, b] =
ab − ba. Then g is pronilpotent and exp g ⊂ A0 is the corresponding
Lie group. Each element g ∈ exp g is uniquely represented as
(2) g = exp γ =
∞∑
n=0
1
n!
γn
for some γ ∈ g. Then g − 1 ∈ A1 and
(3) γ = log(1− (1− g)) = −
∞∑
n=1
1
n
(1− g)n.
We set gi := g ∩ Ai for i ≥ 1. The following statement follows from
formulas (2) and (3).
Lemma 2.1. If γ ∈ g, then (exp γ)− 1 ∈ Ai if and only if γ ∈ gi.
Suppose that g is a direct sum of subalgebras a and b such that
gi = ai ⊕ bi, where ai := a ∩ Ai and bi := b ∩ Ai, for all i ≥ 1.
Proposition 2.1. Any element g ∈ exp g can be uniquely factorized as
g = ab with a ∈ exp a and b ∈ exp b.
Proof. Given g = exp γ0 ∈ exp g for some γ0 ∈ g1 = g, we can represent
γ0 uniquely as γ0 = α0 + β0 for some α0 ∈ a1 and β0 ∈ b1. It follows
from Lemma 2.1 that
e−α0eγ0e−β0 = eγ1
for some γ1 ∈ g2. Then γ1 = α1 + β1 for α1 ∈ a2 and β1 ∈ b2.
Repeating this process, we obtain sequences {αi}, {βi}, and {γi} with
αi ∈ a2i, βi ∈ b2i , and γi ∈ g2i such that γi = αi + βi and
e−αieγie−βi = eγi+1 .
We get that
g = eγ0 = eα0eγ1eβ0 = eα0eα1eγ2eβ1eβ0 = . . .
It follows that g = ab, where a ∈ exp a and b ∈ exp b are given by the
convergent infinite products
a = eα0eα1eα2 . . . and b = . . . eβ2eβ1eβ0 .
The representation g = ab is unique because exp a ∩ exp b = {1}. 
Throughout this paper, we will apply Proposition 2.1 several times
in different contexts. Each time we will reuse the same notations for a
filtered associative algebra A and a pronilpotent Lie algebra g ⊂ A1.
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3. Some classes of formal distributions and operators
Let M be a real manifold and x0 be a point in M . We denote
by D(M) the algebra of differential operators on M , by Dx0(M) the
space of all distributions on M supported at x0, and by δx0 the Dirac
distribution at x0 (δx0(f) = f(x0)). The mapping
A 7→ δx0 ◦ A,
from D(M) to Dx0(M) is surjective.
Let ν be a formal parameter. We say that a ν-formal differential
operator
A = A0 + νA1 + . . . ∈ D(M)[[ν]]
is natural if the order of Ar is at most r for all r ≥ 0. If U is a coordinate
chart on M with coordinates {xi}, a natural operator A on U can be
uniquely written as
A =
∞∑
r=0
f i1...irr (ν, x) (ν∂i1) . . . (ν∂ir) ,
where f i1...irr ∈ C
∞(U)[[ν]] is symmetric in i1, . . . , ir for each r ≥ 0 and
∂i = ∂/∂x
i.
The natural operators on M form an associative algebra. If A
and B are natural operators, then the operator ν−1[A,B] is natu-
ral. Therefore, the formal differential operators of the form ν−1A,
where A is natural, form a Lie algebra with respect to the commu-
tator [A,B] = AB − BA.
Definition 3.1. A formal differential operator A ∈ D(M)[[ν]] is called
oscillatory if A = exp(ν−1X), where X = ν2X2+ν
3X3+ . . . is natural.
Definition 3.2. A formal distribution Λ ∈ Dx0(M)[[ν]] is called oscil-
latory if there exists an oscillatory operator A such that Λ = δx0 ◦ A.
If Λ = Λ0 + νΛ1 + . . . is an oscillatory distribution on M supported
at x0, then Λ0 = δx0. We relate to Λ a symmetric bilinear form βΛ on
T ∗x0M as follows. If Λ = δx0 ◦exp(ν
−1X), where X = ν2X2+ν
3X3+ . . .,
then Λ1 = δx0 ◦X2. Let f and g be functions on M such that f(x0) =
g(x0) = 0. Since X2 is a differential operator of order at most 2, there
exists a unique symmetric bilinear form βΛ on T
∗
x0
M such that
βΛ(df(x0), dg(x0)) = Λ1(fg).
Let U ⊂M be a coordinate neighborhood of x0 with coordinates {x
i}.
If X2 = a
ij∂i∂j + b
i∂i + c, then
βΛ(df(x0), dg(x0)) = 2a
ij∂if∂jg
∣∣
x=x0
.
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The form βΛ is thus given by the tensor 2a
ij(x0).
Definition 3.3. An oscillatory distribution Λ is called nondegenerate
if the bilinear form βΛ is nondegenerate.
If Λ is a distribution on a coordinate neighborhood U of x0 supported
at x0, there exists a unique differential operator C with constant coef-
ficients such that Λ = δx0 ◦ C. We will need the following fact.
Lemma 3.1. Any differential operator A on U can be uniquely repre-
sented as a sum A = B+C of differential operators such that δx0◦B = 0
and C has constant coefficients.
Proof. Let C be the unique differential operator with constant coeffi-
cients such that
δx0 ◦ C = δx0 ◦ A.
Set B := A− C. Then δx0 ◦B = 0 and A = B + C. 
Any differential operator A on U can be uniquely represented in the
normal form,
A =
N∑
r=0
Ai1...ir(x)∂i1 . . . ∂ir ,
where Ai1...ir(x) ∈ C∞(U) is symmetric in i1, . . . , ir. Then A = B +C,
where
B =
N∑
r=0
(
Ai1...ir(x)−Ai1...ir(x0)
)
∂i1 . . . ∂ir
is such that δx0 ◦B = 0 and
C =
N∑
r=0
Ai1...ir(x0)∂i1 . . . ∂ir
has constant coefficients.
We consider the algebra A := D(U)[[ν]] of formal differential opera-
tors on U equipped with the ν-filtration (the filtration degree of ν is 1).
Let g ⊂ A1 be the Lie algebra of formal differential operators on U of
the form ν−1X , where X = ν2X2 + ν
3X3 + . . . is a natural operator.
This is a pronilpotent Lie algebra with respect to the ν-filtration. A
distribution Λ on U supported at x0 is oscillatory if there exists an
element A ∈ g such that Λ = δx0 ◦ exp(A). The following proposition
provides a criterion that a given formal distribution supported at a
point is oscillatory.
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Proposition 3.1. Let Λ be a formal distribution on a coordinate neigh-
borhood U of x0 supported at x0. If C is the unique formal differential
operator with constant coefficients such that
Λ = δx0 ◦ exp(C),
then Λ is oscillatory if and only if C ∈ g.
Proof. If C ∈ g, then Λ is oscillatory. Now assume that Λ is oscillatory.
Let b be the Lie algebra of formal differential operators A ∈ g such
that δx0 ◦A = 0. Denote by c the Lie algebra of the formal differential
operators with constant coefficients from g. Lemma 3.1 implies that
g = b⊕ c and gi = bi⊕ ci for all i ≥ 1 for the corresponding ν-filtration
spaces. Notice that the algebras g and b are coordinate-free objects,
while the complementary algebra c depends on the choice of coordinates
on U . Since Λ is oscillatory, Λ = δx0 ◦exp(A) for some A ∈ g. It follows
from Proposition 2.1 that there exist unique elements B ∈ b and C ∈ c
such that eA = eBeC . Then δx0 ◦ expB = δx0 and
Λ = δx0 ◦ exp(A) = δx0 ◦ (exp(B) exp(C)) = δx0 ◦ exp(C).

4. Natural star products
Given a vector space V , we denote by V ((ν)) the space of formal
vectors
v = νrvr + ν
r+1vr+1 + . . . ,
where r ∈ Z and vi ∈ V for all i ≥ r.
Let M be a Poisson manifold with Poisson bracket {·, ·}. A star
product ⋆ on M is an associative product on C∞(M)((ν)) given by the
formula
(4) f ⋆ g = fg +
∞∑
r=1
νrCr(f, g),
where Cr are bidifferential operators on M for r ≥ 1 and C1(f, g) −
C1(g, f) = {f, g} (see [1]). We assume that the unit constant 1 is the
unity for the star product, f ⋆ 1 = f = 1 ⋆ f for all f . Given f, g ∈
C∞(M)((ν)), denote by Lf the operator of left star multiplication by
f and by Rg the operator of right star multiplication by g so that
Lfg = f ⋆ g = Rgf.
The associativity of the star product ⋆ is equivalent to the condition
that [Lf , Rg] = 0 for any f, g. The mapping f 7→ Lf is an injective
homomorphism from the star algebra (C∞(M)((ν)), ⋆) to the algebra
D(M)((ν)) of formal differential operators on M . It has a left inverse
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mapping A 7→ A1 (which is not a homomorphism on the whole algebra
D(M)((ν))),
Lf 7→ Lf1 = f ⋆ 1 = f.
Gutt and Rawnsley introduced in [4] an important notion of a natural
star product. A star product (4) is natural if the bidifferential operator
Cr is of order not greater than r in both arguments for every r ≥ 1.
Equivalently, a star product ⋆ is natural if the operators Lf and Rf
are natural for all f ∈ C∞(M). It implies that Lf and Rf are natural
for all f ∈ C∞(M)[[ν]]. All classical star products (Moyal-Weyl, Wick,
Fedosov, and Kontsevich star products) are natural (see [4], [3], and
[7]). We give an equivalent description of natural star products in
terms of oscillatory distributions in Theorem 4.1 below. To prove this
theorem, we need some preparations.
Let t1, . . . , tn be formal parameters andA := (D(M)((ν))) [[t1, . . . , tn]]
be the associative algebra of formal differential operators on M of the
form
(5) A =
∞∑
k=0
tj1 . . . tjkA
j1...jk ,
where Aj1...jk ∈ D((ν)) are ν-formal differential operators on M sym-
metric in j1, . . . , jk. We equip A with the t-filtration {Ai} for which
the filtration degree of ti is 1 for every i (and the filtration degree
of ν is zero). We say that an operator (5) is natural if all oper-
ators Aj1...jk are natural. The algebra A acts on the space F :=
(C∞(M)((ν))) [[t1, . . . , tn]] equipped with the t-filtration {Fi}. The
space F is a commutative algebra with respect to the “pointwise” mul-
tiplication of formal series. Given f ∈ F , we denote by mf the multi-
plication operator by f . Then mf ∈ A and mf1 = f . Each operator
A ∈ A is uniquely represented as the sum
(6) A = mA1 + (A−mA1),
where A−mA1 annihilates constants, (A−mA1)1 = 0.
Let g ⊂ A1 be the Lie algebra of operators of positive t-filtration
degree of the form ν−1A, where A ∈ A is natural. The Lie algebra g is
pronilpotent with respect to the t-filtration {gi}, where i ≥ 1. Its Lie
group is exp g ⊂ A0.
Denote by a the commutative subalgebra of g of multiplication opera-
tors and by b the subalgebra of g of operators that annihilate constants.
Then g = a ⊕ b and gi = ai ⊕ bi for all i ≥ 1 in accordance with the
representation (6). Let G be the set of formal functions
f = ν−1f−1 + f0 + νf1 + . . .
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from F1. Then a = {mf |f ∈ G}. Given f ∈ G, the exponential series
ef = 1 + f +
1
2
f 2 + . . .
defines an element of F0 and exp a = {mef |f ∈ G}. We set
exp G := {ef |f ∈ G} ⊂ F0.
It is the Lie group of the commutative Lie algebra G. The mapping
a 7→ a1 is a group isomorphism from exp a onto exp G.
Lemma 4.1. For each g ∈ exp g, the operator g leaves invariant the
set expG. In particular, g1 ∈ expG.
Proof. Assume that g ∈ exp g and f ∈ G. Then mef ∈ exp a and
gmef ∈ exp g. By Proposition 2.1, the element gmef is uniquely repre-
sented as a product gmef = ab, where a ∈ exp a and b ∈ exp b. Then
a1 ∈ expG and b1 = 1. Therefore, applying the operator g to the
function ef , we get
g(ef) = (gmef )1 = (ab)1 = a1 ∈ exp G.
Thus, g(expG) ⊂ expG and therefore g1 ∈ expG. 
Let ⋆ be a natural star product on M . We extend it to F so that
Lti = Rti = ti be a “pointwise” multiplication operator by t
i for every i.
The space G ⊂ F1 is a Lie algebra with respect to the star-commutator
[f, g]⋆ = f ⋆ g − g ⋆ f . This Lie algebra is pronilpotent with respect to
the t-filtration {Gi}, where i ≥ 1. Given f ∈ G, the exponential series
exp⋆ f = 1 + f +
1
2
f ⋆ f + . . .
defines an element of F0. We set
exp⋆ G := {exp⋆ f |f ∈ G} ⊂ F0.
This is the Lie group of the Lie algebra (G, [·, ·]⋆).
Lemma 4.2. The subsets exp⋆ G and exp G of F0 coincide.
Proof. Given f ∈ G, the operator νLf = Lνf is natural and therefore
Lf ∈ g. Thus, expLf ∈ exp g. By Lemma 4.1, the operator expLf
with f ∈ G leaves invariant the set exp G. Given f, g ∈ G, we have
(7) (exp⋆ f) ⋆ e
g =
(
Lexp⋆ f
)
eg = (expLf) e
g ∈ exp G.
Taking g = 0, we get that exp⋆ f ∈ expG. Hence, exp⋆ G ⊂ exp G.
Given u ∈ Gi, there exists v ∈ G such that ev = exp⋆(−u) ⋆ e
u. Since
eu = 1 + u (mod F2i) and exp⋆(−u) = 1− u (mod F2i),
we see that ev ∈ 1 + F2i and therefore v ∈ G2i.
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Let f ∈ G = G1. We will show that ef ∈ exp⋆ G. We construct a
sequence {fk} in G such that f0 = f ∈ G1 and
efk+1 = exp⋆(−fk) ⋆ e
fk
for k ≥ 0. We have fk ∈ G2k . Observe that
ef = ef1 = (exp⋆ f1) ⋆ e
f2 = (exp⋆ f1) ⋆ (exp⋆ f2) ⋆ e
f3 = . . .
Since efk → 1 as k → ∞ in the topology induced by the t-filtration,
we get that
ef = (exp⋆ f1) ⋆ (exp⋆ f2) ⋆ . . . ∈ exp⋆ G.
It follows that exp⋆ G = exp G. 
We give some basic facts on full symbols of formal differential oper-
ators. Let U be a coordinate chart with coordinates {xi}, i = 1, . . . , n,
and let {ξi} be the dual fiber coordinates on T ∗U which are treated as
formal parameters. A formal differential operator A ∈ D(U)((ν)) can
be written in the normal form as
A =
∞∑
j=k
νj
Nj∑
r=0
Ai1...irj (x)∂i1 . . . ∂ir ,
where k ∈ Z, Ai1...irj (x) ∈ C
∞(U) is symmetric in i1, . . . , ir for all j
and r, and ∂i = ∂/∂x
i. The full symbol of the operator A is the formal
series
S(A) =
∞∑
j=k
Nj∑
r=0
νj−rAi1...irj (x)ξi1 . . . ξir ,
which is an element of (C∞(U)((ν))) [[ξ1, . . . , ξn]], because for a fixed r
the power of ν is bounded below by k − r. The operator A is natural
if and only if Nj ≤ j for all j or, equivalently, S(A) does not contain
negative powers of ν. It is well-known that
(8) S(A) = e−
1
ν
xiξiA
(
e
1
ν
xiξi
)
=
(
e−
1
ν
xiξiAe
1
ν
xiξi
)
1.
The C((ν))-linear mapping A 7→ S(A) restricted to the formal differen-
tial operators with constant coefficients is an algebra homomorphism:
if A and B have constant coefficients, then S(AB) = S(A)S(B).
For every x ∈ M there exists a formal distribution Λx on M2 sup-
ported at (x, x) such that
Λx(f ⊗ g) = (f ⋆ g)(x)
for all f, g ∈ C∞(M).
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Theorem 4.1. A star product ⋆ on a manifold M is natural if and
only if the formal distribution Λx is oscillatory for all x ∈M .
Example. Let (πij) be an n × n matrix with constant coefficients.
The star product
f ⋆ g =
∞∑
r=0
νr
r!
πi1j1 . . . πirjr
∂rf
∂xi1 . . . ∂xir
∂rg
∂xj1 . . . ∂xjr
on Rn is natural. If the matrix (πij) is skew-symmetric and nonde-
generate, this is the Moyal-Weyl star product. Consider the natural
operator
A := ν2πij
∂2
∂yi∂zj
on R2n. The formula
Λx(f ⊗ g) = (f ⋆ g)(x) = e
ν−1A(f(y)g(z))
∣∣
y=z=x
,
where f, g ∈ C∞(Rn), shows that the formal distribution Λx is oscil-
latory for any x. It is nondegenerate if and only if the matrix (πij) is
nondegenerate.
Now we proceed with a proof of Theorem 4.1.
Proof. Assume that a star product ⋆ onM is such that the distribution
Λx is oscillatory for all x ∈M . Let U be a coordinate chart on M with
coordinates {xi}. Then for each x ∈ U there exists a unique natural
operator with constant coefficients
(9) A(x) =
∞∑
r=2
νr
∑
k+l≤r
F i1...ikj1...jlr,k,l (x)
∂k
∂yi1 . . . ∂yik
∂l
∂zj1 . . . ∂zjl
such that
(10) (f ⋆ g)(x) = eν
−1A(x)(f(y)g(z))
∣∣
y=z=x
.
Since (f ⋆ 1)(x) = f(x), we get that
exp
(
∞∑
r=2
νr−1
∑
k≤r
F i1...ikr,k,0 (x)
∂k
∂yi1 . . . ∂yik
)
f(y)
∣∣∣∣
y=x
= f(x)
for any f(x). Hence, F i1...ikr,k,0 (x) = 0 for all r and k. Similarly, F
j1...jl
r,0,l (x) =
0 for all r and l.
Given f ∈ C∞(U), we will prove that the operator Lf is natural. To
this end, we will calculate its full symbol S(Lf) using (8) and (10). We
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will show that it does not contain negative powers of ν. We have
S(Lf ) = e
−ν−1xiξiLf
(
eν
−1xiξi
)
= e−ν
−1xiξi
(
f ⋆ eν
−1xiξi
)
=
e−ν
−1xiξieν
−1A(x)
(
f(y)eν
−1ziξi
) ∣∣∣∣
y=z=x
=
(
e−ν
−1ziξieν
−1A(x)eν
−1ziξi
)
f(y)
∣∣∣∣
y=z=x
=
exp
(
e−ν
−1ziξi
(
ν−1A(x)
)
eν
−1ziξi
)
f(y)
∣∣∣∣
y=z=x
.
It suffices to prove that the operator e−ν
−1ziξi (ν−1A(x)) eν
−1ziξi does
not contain negative powers of ν. Using (9), we will write this operator
as follows,
∞∑
r=2
νr−1
∑
k+l≤r
F i1...ikj1...jlr,k,l
∂k
∂yi1 . . . ∂yik
(
∂
∂zj1
+
1
ν
ξi1
)
. . .
(
∂
∂zjl
+
1
ν
ξil
)
.
Since F j1...jlr,0,l = 0 for all r and l, the condition k + l ≤ r in the second
sum implies that l ≤ r − 1, which proves the claim. One can show
similarly that the operator Rf is natural for f ∈ C∞(U). Since U is
arbitrary, the star product ⋆ is natural on M .
Now assume that ⋆ is a natural star product on M and U ⊂ M is
an arbitrary coordinate chart. We will show that Λx is oscillatory for
every x ∈ U . Let {ξi} and {ηi} be two sets of formal variables dual
to {xi}. We extend the star product ⋆ to F := (C∞(U)((ν)))[[ξ, η]]
so that Lξi = Rξi = ξi and Lηi = Rηi = ηi for all i. Denote by G the
Lie algebra of functions from ν−1C∞(U)[[ν, ξ, η]] of positive filtration
degree with respect to the variables ξ and η with the star commutator
[f, g]⋆ = f⋆g−g⋆f as the Lie bracket. This is a pronilpotent Lie algebra
with the Lie group exp⋆ G whose elements are the star exponentials
exp⋆ f = 1 + f +
1
2
f ⋆ f + . . .
of the elements of G. We can write the star product ⋆ as (10) with
A(x) =
∞∑
r=2
νr
∑
k+l≤Nr
F i1...ikj1...jlr,k,l (x)
∂k
∂yi1 . . . ∂yik
∂l
∂zj1 . . . ∂zjl
,
where Nr is some integer for each r ≥ 2. We have to show that A(x)
is natural for every x ∈ U , i.e., that Nr ≤ r for all r ≥ 2. To this end,
we consider two functions in expG = {ef |f ∈ G},
f(x) := eν
−1xiξi and g(x) := eν
−1xiηi .
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By Lemma 4.2, f, g ∈ exp⋆ G. Therefore, f ⋆g ∈ exp⋆ G = exp G. Using
(8) and (10), we get that for x ∈ U ,
(f ⋆ g)(x) = eν
−1A(x)
(
eν
−1(yiξi+z
iηi)
) ∣∣
y=z=x
=
eν
−1xi(ξi+ηi)
(
e−ν
−1(yiξi+ziηi)eν
−1A(x)eν
−1(yiξi+ziηi)
)
1
∣∣
y=z=x
=
eν
−1xi(ξi+ηi)S
(
eν
−1A(x)
)
= eν
−1(xi(ξi+ηi)+S(A(x))) ∈ exp G,
where
S(A(x)) =
∞∑
r=2
∑
k+l≤Nr
νr−k−lF i1...ikj1...jlr,k,l (x)ξi1 . . . ξikηj1 . . . ηjl
is the full symbol of A(x). Since
ν−1
(
xi(ξi + ηi) + S(A(x))
)
∈ G,
S(A(x)) does not contain negative powers of ν, which implies that
A(x) is natural and therefore Λx is oscillatory for any x ∈ U . Since U
is arbitrary, Λx is oscillatory for any x ∈M . 
5. Formal oscillatory integrals
Let M be a real n-dimensional manifold, x0 be a point in M ,
ϕ = ν−1ϕ−1 + ϕ0 + νϕ1 + . . .
be a formal complex-valued function and ρ = ρ0+νρ1+ . . . be a formal
complex-valued density on M such that x0 is a nondegenerate critical
point of ϕ−1 with zero critical value, ϕ−1(x0) = 0, and ρ0(x0) 6= 0.
We call the pair (ϕ, ρ) a phase-density pair with the critical point x0.
A formal oscillatory integral (FOI) at x0 associated with the phase-
density pair (ϕ, ρ) is a formal distribution
Λ = Λ0 + νΛ1 + . . .
on M supported at x0 such that the value Λ(f) for an amplitude f
heuristically corresponds to the formal integral expression
(11) ν−
n
2
∫
eϕfρ.
The distribution Λ is defined by certain algebraic axioms expressed in
terms of the pair (ϕ, ρ) which correspond to formal integral properties
of (11). The full stationary phase expansion of an oscillatory integral
(1) whose amplitude is supported near a nondegenerate critical point
of the phase function is given by a FOI. The notion of a FOI was
introduced in [6] and developed further in [5].
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Definition 5.1. Given a phase-density pair (ϕ, ρ) with a critical point x0
on a manifold M , a formal distribution Λ = Λ0+ νΛ1+ . . . on M sup-
ported at x0 and such that Λ0 is nonzero is called a formal oscillatory
integral (FOI) associated with the pair (ϕ, ρ) if
(12) Λ(vf + (vϕ+ divρv)f) = 0
for any function f and any vector field v on M .
In (12) divρv denotes the divergence of the vector field v with respect
to ρ given by the formula
divρv =
Lvρ
ρ
,
where Lv is the Lie derivative with respect to v. Axiom (12) corre-
sponds to the formal integral property
ν−
n
2
∫
Lv(e
ϕfρ) = 0.
Observe that the condition (12) is coordinate-independent. As shown
in [5], a FOI Λ associated with (ϕ, ρ) satisfies the following properties.
(1) Λ exists and is unique up to a multiplicative formal constant
c = c0 + νc1 + . . . with c0 6= 0.
(2) Λ0 = αδx0 for some nonzero complex constant α.
(3) Λ is determined by the jets of infinite order of ϕ and ρ at x0.
(4) If u = u0 + νu1 + . . . is any formal function on M , then Λ is
associated with (ϕ+ u, e−uρ).
(5) If Λ is associated with two pairs (ϕ, ρ) and (ϕ˜, ρ) which share
the density ρ, then the full jet of ϕ˜−ϕ at x0 is a formal constant.
Definition 5.2. A FOI associated with a pair (ϕ, ρ) is strongly asso-
ciated with it if
(13)
d
dν
Λ(f)− Λ
(
df
dν
+
(
dϕ
dν
+
dρ/dν
ρ
−
n
2ν
)
f
)
= 0
for any function f .
The condition (13) is coordinate-independent. It corresponds to the
formal property of (11) that integration commutes with differentiation
of with respect to the formal parameter ν. A FOI Λ strongly associated
with (ϕ, ρ) satisfies the following properties.
(1) Λ exists and is unique up to a multiplicative nonzero complex
constant.
(2) Λ is determined by the jets of infinite order of ϕ and ρ at x0.
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(3) If u = u0 + νu1 + . . . is any formal function on M , then Λ is
strongly associated with (ϕ+ u, e−uρ).
(4) If Λ is strongly associated with two pairs (ϕ, ρ) and (ϕ˜, ρ) which
share the density ρ, then the full jet of ϕ˜−ϕ at x0 is a complex
constant.
It follows that for any phase-density pair (ϕ, ρ) with a critical point x0
there exists a unique FOI Λ strongly associated with it and such that
Λ0 = δx0 . It is coordinate-independent because it is determined by the
coordinate-independent conditions (12) and (13). In [5], Theorem 9.1,
we gave a formula for Λ in local coordinates.
Suppose that (ϕ, ρ) is a phase-density pair onM with a critical point
x0 and U is a coordinate neighborhood of x0 with coordinates {xi} such
that xi(x0) = 0 for all i, that is, x0 = 0. We set
hij :=
∂ϕ−1
∂xi∂xj
∣∣∣∣
x=0
.
Then (hij) is a symmetric nondegenerate complex matrix with constant
entries. Let (hij) be its inverse matrix. We set
(14) ψ :=
1
2
hijx
ixj and ∆ := −
1
2
hij
∂2
∂xi∂xj
.
Assume that locally
ρ = eu dx1 . . . dxn,
where u = u0 + νu1 + . . . ∈ C
∞(U)[[ν]]. We call the function
χ(x) := ϕ(x)− ν−1ψ − ϕ0(0) + u(x)− u0(0)
the phase remainder. The unique FOI Λ = Λ0 + νΛ1 + . . . strongly
associated with the pair (ϕ, ρ) and such that Λ0 = δx0 is given by the
formula
(15) Λ(f) :=
(
eν∆eχf
) ∣∣
x=0
.
The value Λ(f) depends only on the jets of infinite order of χ and f at
x0 = 0. Below we will prove the following theorem.
Theorem 5.1. A formal distribution Λ = Λ0+νΛ1+ . . . on a manifold
M supported at a point x0 ∈ M is a FOI strongly associated with some
pair (ϕ, ρ) with the critical point x0 and such that Λ0 = δx0 if and only
if Λ is a nondegenerate oscillatory distribution.
Let M be a real manifold of dimension n. Denote by J the space of
jets of infinite order onM supported at x0 ∈M , which is equipped with
the decreasing filtration {Ji} by the order of zero at x0. The space J
is complete with respect to this filtration. Denote by D(k) the space of
FORMAL OSCILLATORY DISTRIBUTIONS 15
differential operators on J of order at most k. An element A ∈ D(k) is
a linear mapping A : J → J such that ad(f0) . . . ad(fk)A = 0 for any
fi ∈ J , where ad(f)A = [f, A] = f ◦ A−A ◦ f . Then
D =
∞⋃
k=0
D(k)
is the algebra of differential operators of finite order on J . The fil-
tration degree of an operator A ∈ D is the largest integer k such that
AJr ⊂ Jr+k for all r ≥ 0. The filtration on J induces a filtration
{Di} on D. The filtration degree of a differential operator of order k
is at least −k, D(k) ⊂ D−k. Each space D(k) is complete with respect
to this filtration, but D is not. The completion Dˆ of D contains what
can be called differential operators of infinite order on J . Denote the
filtration degree of f ∈ J and of A ∈ D by d(f) and d(A), respectively.
Let N be the algebra of natural operators on J [[ν]],
N := {A0 + νA1 + . . . |Ar ∈ D
(r) for all r ≥ 0}.
Clearly, νkN ⊂ N for all k ≥ 0. We consider the algebra N ((ν)) whose
elements are of the form νkA, where k ∈ Z and A ∈ N ,
N ((ν)) =
∞⋃
r=0
ν−rN .
Notice that ν−1N is a Lie algebra with respect to the commutator of
operators and ν−1N acts on N by the adjoint action: given A ∈ ν−1N
and B ∈ N , we have ad(A)B = [A,B] ∈ N .
We equip the algebra N ((ν)) with the following filtration. We set
d(ν) = 2. The filtration degree of A ∈ νrN written as A = νrA0 +
νr+1A1 + . . . with Ak ∈ D
(k) is
d(A) = inf{2(r + k) + d(Ak)|k ≥ 0}.
Since d(Ak) ≥ −k, we get that 2(r + k) + d(Ak) ≥ 2r + k. Hence,
d(A) ≥ 2r. We call this filtration on N ((ν)) and a similar filtration
on J ((ν)) the standard filtration. The algebra N is complete with
respect to the standard filtration, {Ni}, but N ((ν)) and J ((ν)) are
not. Denote by A the completion of the algebra N ((ν)) with respect
to the standard filtration and by F the completion of J ((ν)). The
algebra A acts on F . The elements of A and F can be written as
certain series ∑
r∈Z
νrAr and
∑
r∈Z
νrfr,
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respectively, where Ar ∈ Dˆ and fr ∈ J . Set
g := {A ∈ ν−1N|d(A) ≥ 1} ⊂ A1.
It is a pronilpotent Lie algebra whose Lie group exp g lies in A0.
Let (hij) be a symmetric nondegenerate complex n× n matrix with
constant entries and (hij) be its inverse matrix. We use the same
notations ψ and ∆ as in (14). Observe that ν∆ and ν−1ψ lie in ν−1N
and d(ν∆) = d(ν−1N ) = 0.
Lemma 5.1. The conjugation by the operators exp (ν∆) and exp (ν−1ψ)
leaves invariant the space N , respects the standard filtration, and there-
fore leaves invariant the spaces A and g and the Lie group exp g.
Proof. Given A = A0 + νA1 + . . . ∈ N , we have d(Ar) ≥ −r, hence
d(νrAr) ≥ r, and therefore νrAr ∈ Nr for all r ≥ 0. The adjoint action
of exp(ν∆) maps νrAr to
eν∆(νrAr)e
−ν∆ = ead(ν∆)(νrAr) =
∞∑
s=0
νr+s
s!
(ad(∆))s(Ar) ∈ Nr.
The adjoint action of exp(ν−1ψ) maps νrAr to
eν
−1ψ(νrAr)e
−ν−1ψ = ead(ν
−1ψ)(νrAr) =
r∑
s=0
1
s!
(ad(ν−1ψ))s(νrAr) ∈ Nr.
It follows that eν∆(A)e−ν∆ ∈ N and eν
−1ψ(A)e−ν
−1ψ ∈ N , because N
is complete with respect to the standard filtration. 
Now we will give a proof of Theorem 5.1.
Proof. Fix local coordinates {xi} around x0 such that xi(x0) = 0 for
all i. Denote by b the Lie algebra of operators A ∈ g such that δ◦A = 0
and by c the Lie algebra of operators from g with constant coefficients.
Then g = b ⊕ c. Let (ϕ, ρ) be a phase-density pair on M with the
critical point x0 = 0 and χ be the corresponding phase remainder.
Then (15) is the unique FOI strongly associated with (ϕ, ρ) and such
that Λ0 = δ. Lemma 5.1 implies that
eν∆eχe−ν∆ ∈ exp g.
By Proposition 2.1, there exist unique elements B ∈ b and C ∈ c such
that
(16) eν∆eχe−ν∆ = eBeC .
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It follows that
Λ(f) =
(
eν∆eχf
) ∣∣
x=0
=
(
eν∆eχe−ν∆eν∆f
) ∣∣
x=0
=(
eBeCeν∆f
) ∣∣
x=0
=
(
eν∆+Cf
)
|x=0,
where we have used that the operators with constant coefficients ν∆
and C commute. The operator C can be written as
C = ν−1(X0 + νX1 + . . .),
where Xr has constant coefficients, is of order at most r, and whose
filtration degree is at least 3− 2r. It follows that X0 = X1 = 0 and X2
is of order at most 1. We see that
ν∆+ C = ν−1
(
ν2(∆ +X2) + ν
3X3 + ν
4X4 + . . .
)
∈ ν−1N
and the operator ∆ +X2 can be written in coordinates as
(17) −
1
2
hij∂i∂j + b
i∂i + c.
Since the matrix (hij) is nondegenerate, the FOI Λ is a nondegenerate
oscillatory distribution.
Now suppose that Λ is a nondegenerate oscillatory distribution on a
manifold M supported at x0 ∈ M . Fix local coordinates {x
i} around
x0 such that x
i(x0) = 0 for all i. According to Proposition 3.1, there
exists a unique natural operator with constant coefficients X = ν2X2+
ν3X3 + . . . such that
Λ = δ ◦ expX.
If we write X2 as (17), where (h
ij) is a symmetric matrix with constant
entries, then this matrix is nondegenerate because Λ is a nondegenerate
oscillatory distribution. We will have that
C := X +
ν
2
hij∂i∂j ∈ c.
Let (hij) be the matrix inverse to (h
ij). We will use the settings (14)
and will show that there exists a ν-formal jet χ = ν−1χ−1 + χ0 + . . .
at x0 = 0 of positive filtration degree such that (16) holds for some
B ∈ b. It will mean that Λ is a FOI at x0 = 0 strongly associated with
the phase-density pair (ν−1ψ + χ, dx1 . . . dxn)1.
Denote by e the Lie algebra of operators from g that can be written
as
A = ∂i ◦ A
i
for some formal differential operators Ai. If we use the standard trans-
position A 7→ At of differential operators such that (∂i)t = −∂t and
1By Borel’s lemma it suffices to give only the jet of infinite order of the phase at
x0 = 0.
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(xi)t = xi, then A ∈ e if A ∈ g and At annihilates constants, At1 = 0.
Denote by f the Lie algebra of multiplication operators from g. Then
g = e⊕ f. A simple calculation shows that
e−ν∆xkeν∆ = xk + νhkl
∂
∂xl
and eν
−1ψe−ν∆xkeν∆e−ν
−1ψ = νhkl
∂
∂xl
.
Therefore, the conjugation
A 7→ eν
−1ψe−ν∆Aeν∆e−ν
−1ψ
provides isomorphisms of the Lie algebra b onto e and of the Lie group
exp b onto exp e. By Proposition 2.1, there exist unique elements E ∈ e
and χ ∈ f such that
eν
−1ψeCe−ν
−1ψ = eEeχ.
Conjugating both sides by exp(ν∆) exp(−ν−1ψ) we get
eC =
(
eν∆e−ν
−1ψeEeνψe−ν∆
) (
eν∆eχe−ν∆
)
,
which implies (16) if we set
B := −eν∆e−ν
−1ψEeνψe−ν∆ ∈ b.
It completes the proof of the theorem. 
One of the consequences of Theorems 4.1 and 5.1 is that Fedosov’s
star product is given by some formal oscillatory integral. However,
Fedosov’s construction does not use any oscillatory integral formulas.
Only in the simplest case of the Moyal-Weyl star product it is given by
the asymptotic expansion of a known oscillatory integral (and hence
by a formal oscillatory integral).
References
[1] Bayen, F., Flato, M., Fronsdal, C., Lichnerowicz, A., and Sternheimer, D.:
Deformation theory and quantization. I. Deformations of symplectic structures.
Ann. Physics 111 (1978), no. 1, 61 – 110.
[2] Cattaneo, A., Dherin, B., and Weinstein, A.: Symplectic microgeometry III:
monoids. J. Symplectic Geom. 11 (2013), 319–341.
[3] Fedosov, B.: A simple geometrical construction of deformation quantization.
J. Differential Geom. 40 (1994), no. 2, 213–238.
[4] Gutt, S. and Rawnsley, J.: Natural star products on symplectic manifolds and
quantum moment maps. Lett. Math. Phys. 66 (2003), 123 – 139.
[5] Karabegov A.: Formal oscillatory integrals and deformation quantization. Lett.
Math. Phys. 109 (2019), 1907 – 1937.
[6] Karabegov, A., Schlichenmaier, M.: Identification of Berezin-Toeplitz defor-
mation quantization. J. reine angew. Math. 540 (2001), 49 – 76.
[7] Kontsevich, M.: Deformation quantization of Poisson manifolds, I. Lett. Math.
Phys. 66 (2003), 157 – 216.
FORMAL OSCILLATORY DISTRIBUTIONS 19
[8] Leray, J.: Lagrangian analysis and quantum mechanics: a mathematical struc-
ture related to asymptotic expansions and the Maslov index, MIT press, Cam-
bridge, MA (1981).
[9] Tsygan, B.: Oscillatory Modules. Lett. Math. Phys. 88 (2009), 343 – 369.
[10] Voronov, Th. Th.: Microformal geometry and homotopy algebras, Proc.
Steklov Inst. Math. 302 (2018), 88 –129.
(Alexander Karabegov) Department of Mathematics, Abilene Christian
University, ACU Box 28012, Abilene, TX 79699-8012
E-mail address : axk02d@acu.edu
